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Abstract: We present a concrete and consistent procedure to generate one kind of non-
perturbative superpotential, including the gaugino condensation corrections and poly-
instanton corrections, in type IIB orientifold compactification with four Ka¨hler Moduli.
Then we use this kind of superpotential as well as the α′-corrections to Ka¨hler potential to
fix all of the four Ka¨hler moduli on a general Calabi-Yau manifold with typical K3-fibred
volume form. In our construction, the considered Calabi-Yau threefolds are K3-fibred and
admit at least one del Pezzo surface and one W-surface. Searching through all existing four
dimensional reflexive lattice polytopes, we find 23 of them fulfilling all the requirements.
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1 Introduction
The moduli parameters in string theory correspond to massless scalars in 4-dimensional
effective supergravity and hence will lead to long range interactions. The couplings of
these scalars to matter fields are in general not universal, which implies that different
matter fields will obtain different accelerations from these long range forces. Obviously,
this phenomenon violates the principle of equivalence, which has been tested by the ratio of
inertial to gravitational mass up to 10−13 [1]. Therefore a “fifth force” must be very weak
or sufficiently short ranged, and a very natural consequence is that all of the moduli should
be massive. Furthermore, string theory loses any predictability, if the vacuum expectation
values of the moduli fields, especially for the volume modulus, can take arbitrary values,
since many physical parameters in the low energy theory depend on the specific value of
moduli.
In the type IIB orientifold compactifications with O7/O3-planes, there are two pro-
posed mechanisms to stabilise all of the moduli, at least in the case of a few Ka¨hler
moduli, i.e h1,1 is small. One is called KKLT strategy [2], and the other one is the LARGE
volume scenario(LVS) [3]. In both cases, one first stabilises the axion-dilaton and com-
plex structure moduli by appropriate choice of background fluxes, more concretely by the
Gukov-Vafa-Witten superpotential induced by these fluxes; then one fixes the values of
the Ka¨hler moduli by non-perturbative effects such as D-brane instantons and gaugino
condensation. Many explicit constructions in type IIB orientifold compactification have
been investigated for both cases, see for example [4–7]. The key difference between these
two mechanisms is that the LVS admits a non-supersymmetric anti-de Sitter minimum in-
stead of the supersymmetric one in KKLT, and the fixed value of the Calabi-Yau manifold
volume is exponentially large with respect to the size of the “small” four-cycle, which is
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usually a del-Pezzo surface and supports the D-brane instanton or the gaugino condensa-
tion. Furthermore the value of fixed “small” four-cycle volume is independent of the flux
superpotential W0 at fixed gs, which implies that this non-perturbative stabilisation of the
Ka¨hler moduli will not disturb the complex structure stabilisation. This also avoids the
fine tuning of W0 and the necessity of a large gauge group as in the KKLT strategy. A
more elaborated survey of moduli stabilisation mechanisms is presented in the appendix of
[8].
The key requirement for a LVS model is to find a Calabi-Yau threefold with h1,2 >
h1,1 > 1, where the volume can be expressed according to the strong ‘Swiss cheese’ type
or K3-fibred type Calabi-Yau threefolds. In addition, there must be divisors which can
support non-perturbative effects in the Calabi-Yau threefold. In this case, it is possible
to make some of the four-cycles small while keeping the volume large. Even in the large
volume limit, the induced non-perturbative effects can compete against the α′-corrections
to the Ka¨hler potential. Actually quite some progress has been made in this context,
especially for h1,1 ≤ 3. For the case of strong ‘Swiss cheese’ type Calabi-Yau, one stabilises
the volume plus one “small” four cycle by the α′-corrections and the non-perturbative
effects, and the third one is fixed by poly-instanton effects, e.g. [6]. For the case of a
K3-fibred Calabi-Yau, the third one can be fixed either by the string-loop effects to Ka¨hler
potential [7], or by the poly-instanton effects [5].
Particularly in the case of a K3-fibred Calabi-Yau with poly-instanton corrections, we
may obtain an anisotropic extra dimensions and a TeV string scale, which is advantageous
for embedding extra-dimensional models of particle physics into type IIB string theory,
as shown in [5]. And this case is also very useful in the cosmology model constructions,
for example the single-field inflation models [7, 9], the double-field inflation models using
the curvaton mechanism [10] or the modulation mechanism [11], and the quintessence
models for dark energy [12]. However, there is no concretely analysis of the condition for
generating the poly-instanton corrections in these papers. Actually, within the most simple
constructions, the poly-instanton effects in these papers should be absent, as pointed out
in [13].
On the other hand, most of particle physics models and multi-field inflationary models
in type IIB theory require at least four Ka¨hler moduli. For particle physics models, the
moduli stabilisation seems to be more complicated, since one needs to consider the tension
between non-perturbative effects and chirality[14] also together with the D-term problem
[15]. Thus the moduli stabilisation in this case must be done for an explicit Calabi-Yau
threefold, for example [15, 16]. For the double-field inflation model in [10, 11], we do not
need to worry about the tension between non-perturbative effects and chirality and either
the D-term problem, but one needs a K3-fibred Calabi-Yau threefold with two del Pezzo
surfaces, which is not explicitly presented in these papers either.
In the present paper, we will address the issue of moduli stabilisation for a K3-fibred
Calabi-Yau threefold with four Ka¨hler moduli, which is a crucial ingredient for realistic
particle physics models or for the multi-field inflation model construction in the type IIB
orientifold framework. Within the stabilisation mechanism presented here, all of the Ka¨hler
moduli will be fixed by the non-perturbative effects, including poly-instanton corrections,
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and α′-corrections. Moreover this procedure will not be spoiled by the string-loop correc-
tions to Ka¨hler potentential. We will concretely check all of the conditions for generating
non-perturbative corrections, especially poly-instanton corrections, to the superpotential
for an explicit toric K3-fibred Calabi-Yau threefold, making sure that this kind of super-
potential can indeed be generated in the type IIB orientifolds, at least in the simple cases
where the background fluxes are ignored.
The paper is organized as follows. In section 2, we briefly review some definitions
relevant to N = 1 type IIB orientifold compactifications with fluxes as well as the gen-
eral structure of LVS. In section 3, we will analyse the conditions for the presence of
non-perturbative corrections, including poly-instanton corrections, to the superpotential
in detail. First, we will reiterate the neutral zero-mode and charged zero-mode issues of
instantons, then we will briefly mention the tools for calculating the cohomology group
as well as its splitting properties. Then we will present an explicit Calabi-Yau manifold
with an appropriate choice of orientifold action, which can satisfy all of the conditions for
generating the expected corrections to the superpotential. In section 4, we will systemat-
ically present the procedure of moduli stabilisation in type IIB orientifolds, in which the
general compact Calabi-Yau manifolds have the same structure as the one presented in
section 3.1. Here we will find that we can not get a consistent result by using the minimal
superpotential at the end of section 3.1. But using instead the racetrack superpotential,
everything can be made consistent. We will also discuss that the string-loop effects will
not spoil this procedure. Finally in section 5 we present our conclusions followed by an
appendix providing the list of K3 fibrations with del Pezzo and W-surface.
2 Brief review of LARGE volume scenario
In the framework of type IIB string theory compactified on a Calabi-Yau threefold with
RR and NS-NS 3-form fluxes(see [17] for reviews), we need orientifold planes to reduce the
supersymmetry, such that the low-energy effective theory is a N = 1 supergravity theory.
The presence of orientifold planes is also crucial to cancel the RR tadpoles [18]. Depending
on the transformation properties of the holomorphic three form Ω on Calabi-Yau threefold,
there are two different symmetry operations O to generate the orientifold planes. Here we
take the choice as follows, which can generate O3/O7-planes
O = (−1)FLΩpσ∗, σ∗Ω = −Ω, σ∗J = J (2.1)
where FL is the spacetime fermion number in the left-moving sector, Ωp denotes the world-
sheet parity, σ∗ is the pull-back of involution σ : xi 7→ −xi, and the fixed point loci are
defined as O3/O7-planes. Note that since σ is a holomorphic involution, the cohomology
groupsH(p,q) split into two eigenspaces under the action σ∗, namelyH(p,q) = H(p,q)+ ⊕H(p,q)− .
The transformation properties for all of fields in type IIB supergravity can be found in [19].
The presence of O3/O7-planes wrapping a divisor gives rise to tadpoles for the RR
form, which can be canceled by introducing suitable D3/D7-branes. Because we only
discuss moduli stabilisation, we assume for simplicity that there are no gauge fluxes on the
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D7-brane. In this case we can avoid the Freed-Witten anomaly [20] by choosing suitable
background B-field, and the cancellation conditions read as∑
i
Ni([D7i] + [D7i]
′) = 8[O7],
ND3 +
1
2
Nflux − 1
4
NO3 =
χ(X)
24
. (2.2)
Here [D7] and [O7] denote the divisors wrapped by D7-branes and O7-planes respectively,
[D7]′ denotes the orientifold image of [D7], ND3 is the net number of D3-brane, namely
the difference between the number of D3-branes and the number of D3-branes and Nflux =
1
(2pi)4α′2
∫
H3∧F3 and χ(X) is the Euler characteristic of the elliptically fibered Calabi-Yau
fourfold X. This framework can be viewed as a limit of F-theory compactified on X, whose
Euler characteristic is related to the D7-branes and the O7-planes in type IIB theory as
follows [21]
2χ(X) = χo([D7]) + 4χ([O7]). (2.3)
The modified Euler characteristic χo([D7]) is defined as follows
χo([D7]) ≡ 24
∫
ΓpureD7, (2.4)
where ΓpureD7 is the charge of a pure D7-brane wrapping [D7], and it is shown that
χo([D7] + [D7]
′) = 2χ([D7]), so the tadpole cancellation condition for C4-form in Eq.(2.2)
reduces to
ND3 +
1
2
Nflux =
1
4
NO3 +
1
4
χ([O7]). (2.5)
Therefore, we can set eight D7-branes right on top of the O7-plane to cancel the tadpole
for C8 form and the condition for C4 form can serve as a consistency check that the number
is indeed a integer.
The 4-dimensional effective action in type IIB theory, which is compactified on a
Calabi-Yau orientifold, can be expressed into the standard N = 1 supergravity form, namely
the action can be completely determined by a Ka¨hler potential K, a holomorphic superpo-
tential W and a holomorphic gauge-kinetic coupling functions f . Here we only talk about
the terms which are concerned with moduli and we must stress that all of the variables
involved in the following are in Einstein frame1. To leading order in gs and α
′, the Ka¨hler
potential in Einstein frame is given as [19, 22]
K = −2 log
[
V + ξˆ
2
]
− log
[
−i
∫
Ω ∧ Ω¯
]
− log [−i (τ − τ¯)] , (2.6)
where V is the volume of the Calabi-Yau manifold and the ξˆ-term, which comes from
α′-corrections, is expressed as
V = 1
6
καβγt
αtβtγ , ξˆ = − ζ(3)χ(M)
2(2π)3g
3/2
s
(2.7)
1The relation between string frame and Einstein frame can see the appendix of [10]
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respectively. In the previous equations, we have used the fact that the string coupling
gs = e
φ, and ζ(3) ≈ 1.202 is the approximate value of Riemann ζ-function, χ(M) is the
Euler characteristic of the Calabi-Yau manifold. In order to perform the LARGE volume
scenario, we must require that ξˆ > 0 [3], namely h2,1 > h1,1. καβγ denotes the intersection
numbers of the Calabi-Yau manifold, and tα denotes the coefficients of Ka¨hler form on the
basis of H
(1,1)
+ . Furthermore, the holomorphic three-form Ω in Eq.(2.6) only depends on
the complex structure moduli, and the dilaton τ and Ka¨hler moduli Tα take the following
definitions:
τ = C0 + ie
−φ,
Ga = ca − τba,
ζα = − i
τ − τ¯ καbcG
b(G− G¯)c, a, b, c = 1, . . . , h1,1− ,
Tα =
1
2
καβγt
βtγ + iρα − ζα, α, β, γ = 1, . . . , h1,1+ . (2.8)
ca and ba are the coefficients of C2 and B2 on the basis of H
(1,1)
− respectively, ρα is the
coefficient of C4 on the basis of H
(2,2)
+ . Note that the basis of H
(1,1) and H(2,2) are dual to
each other and ± denotes the two eigenspaces of splitting cohomology groups H(p,q) under
the involution σ∗. Under our constructions, we can always set h1,1− = 0, so that the Ka¨hler
moduli can be simplified as
Tα =
1
2
καβγt
βtγ + iρα. (2.9)
Note that τα ≡ 12καβγtβtγ can be viewed as the volume of divisor Dα ∈ H4(M,Z).
Ignoring gauge sectors, for orientifolds with h1,1− = 0, the superpotential W in the
perturbative theory was shown to be the Gukov-Vafa-Witten superpotential: [23]
W =
∫
Ω ∧G3, G3 = F3 − τH3 . (2.10)
Note that the superpotential is independent of the Ka¨hler moduli, and the Ka¨hler po-
tential possesses the well-known no-scale structure. Thus the scalar potential of N = 1
supergravity
V = eK
[
KIJ¯DIWD¯J¯W¯ − 3|W |2
]
(2.11)
is positive definite and only depends on the dilaton and the complex structure moduli. We
can fix both of them by solving
DaW ≡ ∂aW +KaW = 0. (2.12)
Here a runs over the dilaton and complex structure moduli. Actually this moduli fixing
can be done for appropriate choice of the fluxes [17], and from now on we denote the value
of W following this step as W0.
Therefore, in order to fix Ka¨hler moduli, we must introduce some non-perturbative
effect, such as instanton corrections or gaugino condensation effects to the superpotential
as suggested by [3]. In the next section we will discuss the condition for generating such
effects in details.
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3 Superpotential with non-perturbative effects
The superpotential with non-perturbative corrections, including instanton effects, poly-
instanton effects or gaugino condensation takes the following form
W = W0 +Ai exp(−aiTi +Aje−2piTj )
= W0 +Aie
−aiTi +AiAje−aiTi−2piTj + · · · , (3.1)
where the instantons or the gaugino condensation are supported by the divisors Di, the
poly-instantons are supported by the divisors Dj , the corresponding Ka¨hler moduli are
Ti, Tj respectively, and Ai, Aj are one-loop determinants, which depend on complex struc-
ture moduli. ai =
2pi
N , N ∈ Z+, where for D-brane instantons N = 1, while for gaugino
condensation the value of N depends on the rank of the gauge group. In this section we
will systematically analyse the condition for generating such kind of superpotential, using
the methods in [13, 24, 25].
Each BPS D-brane instanton is 1/2 BPS, and thus locally breaks 4 out of 8 the su-
persymmetries. These broken supersymmetries manifest themselves in the volume of the
instanton as Goldstinos, namely as fermionic zero modes. They are conventionally denoted
by θα and τ¯α˙. Depending on the divisor wrapped by the instanton, some other neutral zero
modes may also be present. In addition to the geometric Calabi-Yau background, various
other ingredients, such as branes, orientifolds and fluxes, maybe change the spectrum of
zero modes(See [26] for a brief review on D-brane instanton). In this paper we only con-
sider the geometric Calabi-Yau background as in [13, 24, 25]. The general structure for the
neutral zero modes of an O(1) instanton is showed in the table 1, in which γα and γ¯α˙ denote
the Wilson line Goldstinos; χα and χ¯α˙ denote the deformation Goldstinos. If the instanton
Zero Modes (Xµ, θ
α) τ¯α˙ γα (ω, γ¯α˙) χα (c, χ¯α˙)
Number h0,0+ (D) h
0,0
− (D) h
1,0
+ (D) h
1,0
− (D) h
2,0
+ (D) h
2,0
− (D)
Table 1. Neutral zero mode structure for an O(1)-instanton wrapping a divisor D [25]
contributes to the holomorphic superpotential W , the anti-holomorphic zero modes have
to be removed, namely hn,0− = 0, n = 0, 1, 2, · · · , and they should be no more other zero
modes, i.e. h1,0(D) = h2,0(D) = 0. For the contribution from gaugino condensation, the
condition of the divisor is the same as before, actually in this case we have an ordinary
gauge instanton for a Sp(2N) or SO(N) gauge group. Considering these constraints and
the realization of the LARGE volume scenario, the divisor which supports an instanton
or gaugino condensation has to be a del-Pezzo surface dPn, since they are arbitrarily con-
tractible to a point without affecting the rest of geometry on a Calabi-Yau threefold [27],
since a brane wrapping such a surface has no adjoint matter and no extra fermionic modes.
For the contribution from poly-instanton, the former Wilson line Goldstinos of the E1 in-
stanton, for an E3 instanton, can arise from either Wilson line or deformation Goldstinos,
which are counted by h1,0+ (D) + h
2,0
+ (D). So we can summarize the conditions for the zero
mode structure of an instanton and a poly-instanton contribution for the superpotential
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in the following table 2. Actually as argued in [13], only the divisor that admits a single
h0,0+ (D) h
1,0
+ (D) h
2,0
+ (D) h
n,0
+ (D)
Instanton 1 0 0 0
Poly-Instanton 1 1 or 0 0 or 1 0
Table 2. Neutral zero mode structure of an instanton and a poly-instanton wrapping on a divisor
D in order to contribute to the superpotential [13].
complex Wilson line Goldstino can really support a poly-instanton correction. They call it
a W-surface, which is charactered by (h0,0, h1,0, h2,0) = (1, 1, 0).
Because of the presence of D7-branes, so in addition of open strings going from the
instanton to itself, which gives rise to neutral zero modes, there are also open strings going
from instanton to D7 branes, which generates charged zero modes transforming in the
fundamental or anti-fundamental representation of D7-brane gauge group. These charged
zero modes can couple to the matter fields on D7-brane, after integrating over these zero
modes can induce some effective operators involving matter fields in the low energy effective
theory. It implies that in order to know exactly the physical charged zero modes, we need to
understand the structure of Yukawa couplings in our compactification. And that is beyond
the scope of this paper, so we will simply require the absence of charged zero modes on the
instanton.
Consider an instanton A and a background D7-brane wrapping different divisors, that
intersect over the curve C = [A] · [D7]. The spectrum of charged zero modes from the open
string going from the instanton A and the D7-brane originates from the cohomology group
[28]
(α, β¯) ∈ (H0(C,K1/2C ),H1(C,K1/2C )) , (3.2)
where α and β¯ denote the modes in the fundamental and anti-fundamental representation
of the D7-brane gauge group, and KC stands for the anticanonical bundle of C. We can
ensure there are no charged zero modes at least in the following two cases [25]:
• C = 0, namely there is no intersection between the instanton and the D7-brane,
• C = P1.
From the above analysis, almost all of the conditions have been translated into the language
of cohomology. Hence in the following we will briefly discuss the tools to calculate the
cohomology group and its splitting under the orientifold involution. First we have the
usual holomorphic Euler characteristic of the divisor D
χ(D,OD) =
2∑
i=0
(−1)ihi,0(D), (3.3)
and it is easy to compute using the Riemann-Roch formula:
χ(D,OD) =
∫
D
Td(TD) . (3.4)
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Td(TD) is the Todd classes of tangent bundle to D. On the other hand, recalling the
splitting H i(D,OD) = H i+(D,OD)⊕H i−(D,OD), we immediately have hi,0(D) = hi,0+ (D)+
hi,0− (D), and we also have the Lefschetz’s equivariant genus for the orientifold involution σ
as
χσ(D,OD) =
2∑
i=0
(−1)i(hi,0+ (D)− hi,0− (D)) . (3.5)
On the other hand, we can easily compute the Lefschetz’s equivariant genus from the Lef-
schetz fixed point theorem, where one can see some details of the theorem in the appendix
of [25],
χσ(D,OD) = 1
4
NO3 − 1
4
∫
Cσ
[D] , (3.6)
where NO3 is the number of isolated fixed points on D, Cσ = [O7]∩D are the fixed curves
on D, and [D] ∈ H2(M) denotes the Poincare dual to the divisor D. For the equivariant
Betti number, a similar theorem applies, which leads to
Lσ(M) =
4∑
i=0
(−1)i(bi+ − bi−) = NO3 + χ(Cσ) . (3.7)
In most of the cases, using the above equations, we can determine all equivariant cohomol-
ogy classes. For other cases, we can employ the tools presented in [29] for the computation
of line bundle cohomology over toric varieties, where we obtain the polytope information,
which is crucial to construct the Calabi-Yau threefold, by the help of PALP package [30].
Using the tools mentioned above, searching through the 158 examples of four dimen-
sional reflexive lattice polytopes presented in the [31], which admit a K3-fibred Calabi-Yau
hypersurface with four Ka¨hler moduli where at least one of them is a del Pezzo surface,
we find that 23 of them can also admit one W-surface. We will present all of them in the
appendix.
Next we will pick one of the reflexive lattice polytopes, namely No.3 in the appendix, to
show explicitly that the del Pezzo surfaces and W-surfaces can indeed support an instanton
and a poly-instanton, which contribute to superpotential.
3.1 An explicit example
The toric ambient space can be defined by homogeneous coordinates and their equivalence
relations, which are all encoded in the following weight matrix:
x1 x2 x3 x4 x5 x6 x7 x8 DH
2 1 6 1 2 0 0 0 12
2 1 6 0 1 0 2 0 12
2 0 6 1 1 0 0 2 12
1 0 3 0 1 1 0 0 6
We can show that the surface of this reflexive lattice polytope admit 4 maximal tri-
angulations, considering that we may construct a fan from each triangulation, so we can
obtain several toric varieties for this weight matrix. Actually the different triangulations
– 8 –
are not isolated from each other, they maybe related to each other via flop transitions. Here
we stick to one of the triangulations, which is encoded in the following Stanley-Reisner(SR)
ideal
SR = {x2x4, x2x5, x4x5, x5x6, x2x7, x4x8, x1x3x6x7, x1x3x6x8, x1x3x7x8} . (3.8)
The Calabi-Yau hypersurface in this toric ambient space has Hodge number (h1,1, h1,2) =
(4, 70) and Euler characteristic χ = −132. From the SR-ideal and the weight matrix, we
can calculate the triple intersection numbers for a basis of divisor classes of the toric variety
on Calabi-Yau. For simplifying the expression of the volume, we choose the following basis
(η1, η2, η3, η4) = (D2,D4,D5,D5 + 6D4 + 3D7), where divisors Di ≡ {xi = 0}. The triple
intersection numbers can be expressed in the following polynomial:
I3 = η
3
1 + η
3
2 + 18η3η
2
4 . (3.9)
The generators Ci of the Mori cone of the toric variety are
∫
Ci
Dj =


−1 0 0 0
0 0 1 −2
1 0 0 3
0 −1 0 0
0 1 0 3

 . (3.10)
We know that the Ka¨hler cone and Mori cone are dual to each other, and from this we can
get the generators of the Ka¨hler cone as follows:
Γ1 = η3 ,
Γ2 = 2η3 + η4 ,
Γ3 = −3η2 + 2η3 + η4 ,
Γ4 = −3η1 − 3η2 + 2η3 + η4 ,
Γ5 = −3η1 + 2η3 + η4 . (3.11)
This explicitly shows that the polytope is non-simplicial since i runs from one to five instead
of four. Next we write the Ka¨hler form in the basis of {ηi} and {Γi} respectively
J =
4∑
i=1
tiηi =
5∑
i=1
riΓi with ri > 0 , (3.12)
where ri > 0 ensures that the stabilisation is within the Ka¨hler cone. Now we can obtain
the volume form in terms of two-cycle volume ti,
V = 1
3!
∫
J ∧ J ∧ J = 1
6
κijkt
itjtk =
1
6
t31 +
1
6
t32 + 9t3t
2
4 (3.13)
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and we can also express ti in terms of ri, from which we can determine the sign of ti and
the linear combination of them.
t1 = −3r4 − 3r5 < 0,
t2 = −3r3 − 3r4 < 0,
t3 = r1 + 2r2 + 2r3 + 2r4 + 2r5 > 0 ,
t4 = r2 + r3 + r4 + r5 > 0 . (3.14)
Defining the volumes τi of the four-cycle Di,
τi =
1
2
∫
Di
J ∧ J = 1
2
κijkt
jtk , (3.15)
we find that
τ1 =
1
2
t21 ,
τ2 =
1
2
t22 ,
τ3 = 9t
2
4 ,
τ4 = 18t3t4 . (3.16)
Taking into account the Ka¨hler cone condition (3.14), we can rewrite the volume form in
terms of four-cycle’s volumes2
V = 1
6
√
τ3τ4 −
√
2
3
τ
3/2
1 −
√
2
3
τ
3/2
2 . (3.17)
Next we will analyze the properties of the divisors Di, i = 1, · · · , 8, and show that
there are two del Pezzo surfaces, one W-surface, and also the Calabi-Yau hypersurface is
indeed K3-fibred. First of all, after computing the Hodge diamonds, we find that both
D2 and D4 have the topological data of dP8, namely (h
0,0, h1,0, h2,0, h1,1) = (1, 0, 0, 9) and
χ = 11, and also the following triple intersection structures with the other divisors:
D1 D2 D3 D4 D5 D6 D7 D8
D22 -1 1 -3 0 0 -1 0 -2
D24 -1 0 -3 1 0 -1 -2 0
The divisorsD2 andD4 have triple self-intersections D
3
2 = 1,D
3
4 = 1, any other intersection
numbers are either vanishing or negative. This reads∫
C=Di∩S
c1(S) =
∫
M
Di ∧ S ∧ (−c1(NS|M)) = −S2 ·Di > 0 ∀C 6= ∅, (3.18)
where Di 6= S. It is a necessary condition for the divisor S to be a rigid and shrinkable
divisor, i.e. del Pezzo surface. This confirms that these two divisors should be dP8.
2Note that if we choose a basis including the W-surface divisor, the ‘minus’-part in the volume form will
be similar to the examples in [13]
– 10 –
Actually we can also algebraically show that these two divisors are indeed dP8. Following
the procedure showed in [32], we can get the representation of these two divisors
D2 :
x1 x3 x6 x7 x8 DH |D2
2 6 0 2 2 12
1 3 1 0 2 6
with SR|D2 = {x6x8, x1x3x6x7, x1x3x7x8}, and
D4 :
x1 x3 x6 x7 x8 DH |D4
2 6 0 2 2 12
1 3 1 2 0 6
with SR|D4 = {x6x8, x1x3x6x7, x1x3x7x8}. (3.19)
Hence D2 and D4 are both dP8-surface.
As a next step, we find out the K3 divisor. We can easily compute that
∫
D5
c1(D5) ∧
i∗Di = −D25Di = 0 and
∫
D5
i∗c2(M) =
∫
D5
(10η21 − 28η1η2+18η22 − 64η1η3− 28η2η3+ 83η23 −
8η1η4 + 8η2η4 + 6η3η4 +
4
3η
2
4) = 24 > 0, the main theorem of [33] implies that this Calabi-
Yau threefold is a K3 fibration over P1 with typical fibre D5. The explicit computation of
the Hodge diamond of D5 leads to (h
0,0, h1,0, h2,0, h1,1) = (1, 0, 1, 20) and χ = 24, which is
exactly the topological data of K3 surface. And we can also compute the Hodge diamond
of D6, (h
0,0, h1,0, h2,0, h1,1) = (1, 1, 0, 4) and χ = 2, which is exactly the topological data of
W-surface.
Finally let us analyse the splitting properties of the cohomology group under the
orientifold involution σ. We restrict that the orientifold involution σ just flips the sign
of one homogeneous coordinates, i.e. σ : xi 7→ −xi, and we find that there are three
inequivalent involutions σ : {x2 7→ −x2, x4 7→ −x4, x5 7→ −x5}, such that the W-surface
has the appropriate splitting properties and h1,1− (M) = 0. In the following we take the
involution σ : x5 7→ −x5 as an example. Following the algorithm presented in [32], we
obtain the following fixed point set of the ambient space
{Fixed}|Ambientx5↔−x5 = {D5,D2,D4,D1 ·D3 ·D6,D6 ·D7 ·D8} . (3.20)
From the generic hypersurface equation, only the following subset of the fixed point inter-
sects the invariant hypersurface
{Fixed}|CYx5↔−x5 = {D5,D2,D4,D6 ·D7 ·D8} . (3.21)
Hence we have three O7-planes wrapping the divisors D2,D4,D5 respectively and two
O3-planes, since the intersection number D6 ·D7 ·D8 = 2. And we need to put eight D7-
branes right on top of each O7-plane to cancel the D7-brane tadpole. Since the D7-branes
are wrapping on the del Pezzo surfaces D2 and D4, which are pointwise invariant under
the involution σ, so the only possible non-perturbative corrections to superpotential are
from gaugino condensations on the D7-branes instead of D-brane instantons. Meanwhile
applying Eq.(2.5), the contribution to D3-brane tadpole is
ND3 +
1
2
Nflux =
1
4
(2 + 11 + 11 + 24) = 12 , (3.22)
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which is indeed integer as required. The splitting Hodge number of the del-Pezzo surfaces
and W-surface under the involution σ is as follows:
D2 : (h
0,0, h1,0, h2,0, h1,1) = (1+, 0, 0, 9+) ,
D4 : (h
0,0, h1,0, h2,0, h1,1) = (1+, 0, 0, 9+) ,
D6 : (h
0,0, h1,0, h2,0, h1,1) = (1+, 1+, 0, 4+) . (3.23)
So we have the correct topological data for the neutral zero modes. Furthermore, we can
read from the SR-ideal that the divisors supporting D7-branes, which lie on top of O7-
planes, do not intersect with each other, and also there is no intersection between D5 and
D6. Furthermore, the intersection between D2 and D6 is a surface with genus 1, which can
be determined to be T 2 according to the classification theorem of the closed surface. We
can summarize all this topological and geometrical information in the table 3.
Divisor (h0,0, h1,0, h2,0, h1,1) Intersection Curves
D2 = dP8 (1+, 0, 0, 9+) D6 : Cg=1
D4 = dP8 (1+, 0, 0, 9+) D6 : Cg=1
D5 = K3 (1+, 0, 1+, 20+) Null
D6 =W (1+, 1+, 0, 4+) D2 : Cg=1, D4 : Cg=1
Table 3. Divisors with topological and geometrical information.
Since W intersects the D7-branes over a T 2 and h∗(T 2,O) = (1, 1), there will be extra
vector-like zero modes. If there is a non-trivial Wilson line on T 2, these zero modes can
pair up and become massive [34]. For this purpose, one must have the freedom to turn
on an additional gauge bundle on the divisor [D7], whose restriction on the intersection
curve T 2 is a non-trivial Wilson line. As argued in [13], an additional gauge bundle which
is supported only on 2-cycles Ci ⊂ [D7], which are topological trivial in M but do intersect
with the curve T 2, allows one to avoid these extra zero modes. Considering that both D2
and D4 have more 2-cycles than the Calabi-Yau M, since h
1,1(D2) = h
1,1(D4) > h
1,1(M),
they must therefore exist such trivial 2-cycles.
Finally after checking all of constraints, we can ensure that the following superpotential
can indeed be generated by the gaugino condensations on D7-branes and the poly-instanton
effects
W =W0+A1e
−a1T1 +A1A6e−a1T1e−2pi(T3−T1−T2)+A2e−a2T2 +A2A6e−a2T2e−2pi(T3−T1−T2) .
(3.24)
Note that D6 = η3 − η1 − η2 and the Ka¨hler moduli Ti, i = 1, 2, 3 in the previous equation
is associate to the volume modulus of basis divisors ηi respectively.
4 Moduli stabilisation
In this section, we will discuss the Ka¨hler moduli stabilisation using the superpotential
(3.24) and the Ka¨hler potential (2.6) with the general volume form
V = α√τ3τ4 − β1τ3/21 − β2τ3/22 (4.1)
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which has the same volume structure as the explicit example (3.17) and α, β1, β2 are some
real constants.
As suggested in [3], the scalar potential (2.11) in the LARGE volume scenario can be
divided into three parts Vnp1, Vnp2 and Vα′ :
V = Vnp1 + Vnp2 + Vα′ ,
Vnp1 = e
KKij¯∂iW∂j¯W¯ ,
Vnp2 = e
KKij¯(∂iWKj¯W¯ + ∂j¯W¯KiW ) ,
Vα′ = e
K
(
Kij¯KiKj¯ − 3
)
|W |2 = eK
[
3ξˆ
ξˆ2 + 7ξˆV + V2
(V − ξˆ)(2V + ξˆ)2 |W |
2
]
. (4.2)
Note that in the large volume limit we can ignore the α′-corrections to the Ka¨hler potential
in the expression of Vnp1 and Vnp2, and the Vα′ term reduces to
Vα′ = e
K 3ξˆ
4V |W |
2 =
3ξˆ
4V3 |W |
2 . (4.3)
We also expect the divisors η1 and η2 to be the small divisors in the large volume limit.
In order to perform the calculation of the scalar potential, first of all we need to get
the Ka¨hler metric and its inverse. The Ka¨hler metric is given by the following symmetric
matrix
Kij¯ =


3β1
8V√τ1
9β1β2
√
τ1
√
τ2
8V2 −
3β1
√
τ1
8Vτ3 −
3αβ1
√
τ1
√
τ3
4V2
9β1β2
√
τ1
√
τ2
8V2
3β2
8V√τ2 −
3β2
√
τ2
8Vτ3 −
3αβ2
√
τ2
√
τ3
4V2
−3β1
√
τ1
8Vτ3 −
3β2
√
τ2
8Vτ3
1
4τ23
α(β1τ
3/2
1 +β2τ
3/2
2 )
4V2√τ3
−3αβ1
√
τ1
√
τ3
4V2 −
3αβ2
√
τ2
√
τ3
4V2
α(β1τ
3/2
1 +β2τ
3/2
2 )
4V2√τ3
α2τ3
2V2


, (4.4)
where we have used the expression of the volume in the large volume limit, V = α√τ3τ4,
and dropped the subleading terms in orders of V.
The inverse of Ka¨hler metric in the large volume limits reads as
Kij¯ =


8V√τ1
3β1
4τ1τ2 4τ1τ3
4Vτ1
α
√
τ3
4τ1τ2
8V√τ2
3β2
4τ2τ3
4Vτ2
α
√
τ3
4τ1τ3 4τ2τ3 4τ
2
3
4β1
√
τ3τ
3/2
1
α +
4β2τ
3/2
2
√
τ3
α
4Vτ1
α
√
τ3
4Vτ2
α
√
τ3
4β1
√
τ3τ
3/2
1
α +
4β2τ
3/2
2
√
τ3
α
2V2
α2τ3

 . (4.5)
So we can now calculate the scalar potential. In the LARGE volume scenario, we can
set e−aiτi ∝ V−1, i = 1, 2 and e−2pi(τ3−τ1−τ2) ∝ V−p, namely e−2piτ3 ∝ V−m1−m2−p with
ai =
2pi
mi
,mi ∈ Z+, i = 1, 2. Then we stabilize the moduli order by order in 1/V. All the
possible orders in V in the expression of scalar potential are
{Possible Orders} = {−3,−3−p,−3−2p,−4,−4−p,−4−2p,−5,−5−p,−5−2p} . (4.6)
Observing the structure of the inverse matrix of Ka¨hler metric and the structure of the
superpotential, we can easily obtain that τ3 is only involved in the term whose order
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includes p, and other terms are independent of τ3. This observation is very important to
determine the value of p in the end.
At the leading order, i.e. O(V−3), the scalar potential explicitly reads as
VO(V−3) =
2∑
i=1
(
8a2iA
2
i
√
τie
−2aiτi
3βiV +
4aiAiW0τie
−aiτi cos (aiρi)
V2
)
+
3W 20 ξˆ
4V3 . (4.7)
We start with minimising the scalar potential with respect to the axions ρ1, ρ2, assuming
that all involved parameters are real and positive. It is obvious that the minimal values lie
at aiρi = (2k + 1)π, k ∈ Z, namely
ρi =
1
2
(2k + 1)mi, k ∈ Z, i = 1, 2 . (4.8)
Then we minimise scalar potential with respect to the Ka¨hler metric τ1, τ2, and the relevant
derivatives equal to 0 can be reduced as
∂V
∂τi
= 0 : aiAiV(1− 4aiτi) = 3βiW0eaiτi(1− aiτi)τ1/2i , i = 1, 2
∂V
∂V = 0 :
2∑
i=1
(
−32a
2
iA
2
i
3βi
√
τie
−2aiτiV2 + 32aiAiW0τie−aiτiV
)
= 9W 20 ξˆ. (4.9)
Considering that we require aiτi ≫ 1 to reduce the higher instanton corrections, the first
equation in (4.9) reduces to
4aiAiV = 3βiW0eaiτiτ1/2i . (4.10)
In order to obtain a consistent value of the volume, we can take a very natural assumption
that a1τ1 = a2τ2. Taking this identity into the second equation of (4.9), we obtain
2(β1τ
3/2
1 + β2τ
3/2
2 ) = ξˆ . (4.11)
Taking into account the assumption a1τ1 = a2τ2, we get the stabilisation value of τ1, τ2
and V:
ai〈τi〉 =
(
ξˆ
2J
)2/3
, i = 1, 2 with J =
2∑
i=1
βia
−3/2
i ,
〈V〉 = 3βiW0
4aiAi
eai〈τi〉〈τi〉1/2 ∀i = 1, 2 . (4.12)
Next we consider the stabilisation of the fibration τ3. The first order containing T3 in the
scalar potential is O(V−3−p), which reads as
V
O(V−3−p)
= − 4A6W0e
−(a1−2pi)τ1−(a2−2pi)τ2−2piτ3
V2 [τ1 ((2pi − a1)A1e
a2τ2 + 2piA2e
a1τ1)
+ τ2 (2piA1e
a2τ2 + (2pi − a2)A2ea1τ1)− 2piτ3 (A1ea2τ2 +A2ea1τ1)] cos ((1−m1 −m2)pi + 2piρ3)
− 16A6e
−2((a1−pi)τ1+(a2−pi)τ2+piτ3)
3β1β2V [a1A1β2
√
τ1e
a2τ2 ((2pi − a1)A1ea2τ2 + 2piA2ea1τ1)
+ a2A2β1
√
τ2e
a1τ1 (2piA1e
a2τ2 + (2pi − a2)A2ea1τ1)] cos ((m1 +m2)pi − 2piρ3) , (4.13)
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where we have used the stabilised value of ρi, i = 1, 2 in this equation. Now the scalar
potential in the order of V−3−p can be rearranged in the following form
VO(V−3−p) = (C1 +C2τ3) cos(2πρ3)e
−2piτ3 , (4.14)
where C1 and C2 can be identified from the original expression of VO(V−3−p) easily. It is
obvious that the minimal of VO(V−3−p) lies at
〈τ3〉 = 1
2π
− C1
C2
(4.15)
and ρ3 ∈ Z or ρ3 ∈ Z/2 depends on the specific value of C1 and C2. Unfortunately, under
the relation of (4.10), we can show that C1 = 0, namely 〈τ3〉 = 12pi , which is manifest
that τ3 is out of the Ka¨hler cone, since it will lead to the negative value of the volume of
W-surface.
After checking the procedure of the stabilisation, we find, if we use the precise relation
derived from ∂V∂τi = 0 instead of the approximation relation (4.10), the value of C1 is indeed
non-zero. However, it seems that C1 and C2 have mostly the same sign. Even when they
are in different sign, with C1 ≪ C2, it can not solve the problem.
In order to solve the problem, we need introduce more parameters by using the race-
track superpotential as suggested in [5]. In this case, the superpotential reads as
W =W0 + A1e
−a1T1 +A1A6e−a1T1−2pi(T3−T1−T2) +A2e−a2T2 +A2A6e−a2T2−2pi(T3−T1−T2)
− B1e−b1T1 −B1B6e−b1T1−2pi(T3−T1−T2) −B2e−b2T2 −B2B6e−b2T2−2pi(T3−T1−T2) ,
(4.16)
where ai =
2pi
mi
, bi =
2pi
li
,mi, li ∈ Z+, i = 1, 2. Taking this racetrack superpotential, we
can repeat the previous procedures. First of all, the possible orders in V in the scalar
potential Eq.(2.11) are the same as before, namely (4.6), and also only the terms whose
order involves p are relevant to the modulus τ3.
The leading order in V of the scalar potential reads
VO(V−3) =
2∑
i=1
1
V
[
8
3βi
√
τi
(
a2iA
2
i e
−2aiτi − 2aiAibiBie−aiτi−biτi cos (aiρi − biρi) + b2iB2i e−2biτi
)]
+
2∑
i=1
1
V2
[
4W0τi
(
biBie
−biτi cos (biρi)− aiAie−aiτi cos (aiρi)
)]
+
3W 20
4V3 ξˆ . (4.17)
As before, let us find out the stabilised value of the axions ρi, i = 1, 2, where the relevant
derivatives are:
∂V
∂ρi
=
1
V
[
16
3βi
aiAibiBi
√
τi(ai − bi)e−aiτi−biτi sin (aiρi − biρi)
]
+
1
V2
[
4W0τi
(
b2iBie
−biτi sin (biρi)− a2iAie−aiτi sin (aiρi)
)]
,
∂2V
∂ρ2i
=
1
V
[
16
3βi
aiAibiBi
√
τi(ai − bi)2e−aiτi−biτi cos (aiρi − biρi)
]
+
1
V2
[
4W0τi
(
b3iBie
−biτi cos (biρi)− a3iAie−aiτi cos (aiρi)
)]
. (4.18)
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Note that ∂V∂ρi vanishes at ρi = 0, which is a minimum, if
∂2V
∂ρ2i
|ρi=0 =
1
V
[
16
3βi
aiAibiBi
√
τi(ai − bi)2e−aiτi−biτi
]
+
1
V2
[
4W0τi
(
b3iBie
−biτi − a3iAie−aiτi
)]
> 0. (4.19)
For simplicity, we assume this condition to be true. Now we start analysing the stabilisation
of τi, i = 1, 2. As before, we first take the limit of aiτi ≫ 1, then the vanishing of ∂V∂τi implies
e−biτi =
3βiW0τ
1/2
i
4ZiV , with Zi = biBi −Aiaie
−niτi , (4.20)
where we have written ai = bi+ni. In addition Zi > 0 can ensure that the condition (4.19)
is satisfied. Inserting this identity into the equation ∂V∂V = 0, this equation reduces to
2
(
β1τ
3/2
1 + β2τ
3/2
2
)
= ξˆ, (4.21)
which is the same as the case with minimal superpotential. Therefore we obtain the same
value for 〈τi〉 as before, and the value of the volume V can be determined by the identity
(4.20).
The next step is to fix the value of τ3 and ρ3 by the scalar potential VO(V−3−p), which
read as
V
O(V−3−p)
=
{
16
3β1V τ
1/2
1 cos(2piρ3)e
−2piτ3
[
a
2
1A
2
1A6e
2(pi−a1)τ1+2piτ2 − 2pia1A21A6e2(pi−a1)τ1+2piτ2
− 2pia1A1A2A6e−(a1−2pi)τ1−(a2−2pi)τ2 − a1A1A6b1B1e2piτ2−τ1(a1+b1−2pi) + 2piA1A6b1B1e2piτ2−τ1(a1+b1−2pi)
− a1A1b1B1B6e2piτ2−τ1(a1+b1−2pi) + 2pia1A1B1B6e2piτ2−τ1(a1+b1−2pi) + 2pia1A1B2B6e−(a1−2pi)τ1−(b2−2pi)τ2
+ 2piA2A6b1B1e
−(a2−2pi)τ2−(b1−2pi)τ1 + b21B
2
1B6e
2(pi−b1)τ1+2piτ2 − 2pib1B21B6e2(pi−b1)τ1+2piτ2
− 2pib1B1B2B6e−(b1−2pi)τ1−(b2−2pi)τ2
]
+
1
V2 4W0τ1e
−2piτ3 cos(2piρ3)
[
a1A1A6e
2piτ2−(a1−2pi)τ1 − 2piA1A6e2piτ2−(a1−2pi)τ1 − 2piA2A6e2pi(τ1+τ2)−a2τ2
− b1B1B6e2piτ2−(b1−2pi)τ1 + 2piB1B6e2piτ2−(b1−2pi)τ1 + 2piB2B6e2pi(τ1+τ2)−b2τ2
]
+ (subscripts:1↔ 2)
}
+
1
V2 4W0piτ3e
−2piτ3 cos(2piρ3)
[
2A1A6e
2piτ2−(a1−2pi)τ1 + 2A2A6e
2pi(τ1+τ2)−a2τ2 − 2B1B6e2piτ2−(b1−2pi)τ1
− 2B2B6e2pi(τ1+τ2)−b2τ2
]
, (4.22)
where we have used the stabilised value of the axions ρi in this expression. The scalar
potential in the order of V−3−p can be rearranged in the form,
VO(V−3−p) = (C
′
1 + C
′
2τ3) cos(2πρ3)e
−2piτ3 (4.23)
as before and the constant C ′1, C
′
2 can be easily identified from the original expression of
VO(V−3−p). Hence its minimum lies at 〈τ3〉 = 12pi −
C′1
C′2
, and ρ3 ∈ Z or ρ3 ∈ Z/2 depends
on the specific value of C ′1 and C
′
2. Unfortunately, when we take the approximate relation
(4.20), C ′1 will vanish again. However in this racetrack superpotential case, we indeed can
– 16 –
get a suitable ratio of C ′1 and C
′
2 by solving the equation
∂V
O(V−3)
∂τi
= 0 exactly instead of
the approximate relation (4.20). In this case the relation will be modified as
e−biτi =
3βiW0τ
1/2
i
4ZiV f
corr
i (4.24)
where
f coori = 1−
3ǫi
−ǫi + 1 + ni
(
1
bi
− BiZi
) with ǫi := 1
4biτi
≪ 1 . (4.25)
One subtle thing is that we can not solve the fixed values of τi, i = 1, 2 analytically any
more, so we have to solve them numerically. Then we obtain the stabilised value of the
volume V by using the identity (4.24). Note that although the relation has been modified,
the stabilised value of the volume V and τ1, τ2 are still independent of τ3. After that, we
can get the stabilised value of τ3 numerically by minimising the scalar potential VO(V−3−p).
We can also determine the value of p as follows:
p =
li(τ3 − τ1 − τ2)
τi
, ∀i = 1, 2 . (4.26)
Here we must stress that the definition of the p is different from the one in [5], as we have
a much more complex structure of VO(V−3−p). This definition originates from the direct
comparison of these two relations, ebiτi ∝ V, e2pi(τ3−τ1−τ2) ∝ Vp.
We will give some benchmark models in table 4 and the fixed values of divisor volume
moduli corresponding to the respective benchmark models in table 5, to show that this
procedure of moduli stabilisation does work consistently.
Nos. gs ai bi Ai Bi A6 B6 W0 f
corr
i Zi p
I 0.1 2pi7
2pi
8 0.1 0.1 7 4.5 1 0.57 0.021 1.00
II 0.1 2pi8
2pi
7 0.1 0.2 6 4.37 1 0.79 0.065 0.51
III 0.01 2pi8
2pi
7 0.1 8 21 7.96 1 0.97 4.80 0.21
IV 0.01 2pi7
2pi
8 7 0.5 12 5.45 1 0.96 0.19 0.57
Table 4. Parameters for four benchmark models
Nos. τi τ3 ρ3 V Ms(GeV)
I 4.07 8.65 Z 473.33 1.30 × 1016
II 3.44 7.13 Z/2 174.76 2.13 × 1016
III 31.02 62.96 Z/2 4.92× 1011 4.02 × 1011
IV 31.17 64.56 Z 4.27× 1011 4.32 × 1011
Table 5. The fixed values of divisor volume moduli corresponding to the respective benchmark
models
The string scale in the table is defined as usual Ms =
Mp√
4piV . And we have set the
constants α, β1, β2 in the expression of volume as α =
1
6 , β1 = β2 =
√
2
3 , so that the volume
is just the same as the explicit example presented in section 3.1.
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Observing the table of benchmark models, one should note that we always choose the
symmetric value of τ1 and τ2. If we only consider the stabilisation of the Ka¨hler moduli
by minimising the scalar potential, it seems that this kind of symmetry is not necessary.
However when we consider the geometrical and topological properties of these two divisors
in the Calabi-Yau threefold, it seems that this kind of symmetry indeed exists. Of course,
one may search the possible parameters, which breaks this kind of symmetry.
String loop corrections: Except the α′-corrections and the non-perturbative cor-
rections mentioned above, there are also corrections to the scalar potential from the string
loop effects. In this final part, let us analyse the affect of this string loop correction to our
procedure of moduli stabilisation.
The string loop corrections to the scalar potential read as [8]
δV(gs) =
∑
i
(
g2s
(CKKi )2Kii − 2δKW(gs),τi
)W 20
V2 with δK
W
(gs),τi
=
∑
l
CWi
(ailtl)V , (4.27)
where CKKi and CWi are constants which depend on the complex structure moduli, Kii is
the Ka¨hler metric for τi and ailt
l denotes a linear combination of the basis 2-cycle volumes
tl. The first part of the correction comes from the exchange of closed strings which carry
Kaluza-Klein momentum between D7 and D3-branes and the second part comes from the
exchange of winding strings between intersecting stacks of D7-branes. Applying this to
the explicit example presented in section 3.1, since there are no intersection between every
pair of the divisors D2,D4,D5, which are wrapped by the D7-branes, it is obvious that
δKW(gs),τi = 0. Therefore, in our constructions, the string loop corrections to the scalar
potential are:
δV(gs) = g
2
s
W 20
V2
[
3β1
(CKK1 )2
8V√τ1 +
3β2
(CKK2 )2
8V√τ2 +
(CKK3 )2
4τ23
]
. (4.28)
Since gs < 1, the LARGE volume scenario will be safe as long as W0 ∼ O(1). One can also
see the effects of the string loop corrections to various moduli stabilisation mechanism in
the appendix of [8]. For the stabilisation of τ3, the leading order scalar potential relevant
to the divisor τ3 seems from this string loop corrections, since superficially it scales as V−2,
but we can estimate the scale of the last term in Eq.(4.28), denoted as δV
(3)
(gs)
, by using the
1-loop Coleman-Weinberg potential as in [5], which is showed that δV
(3)
(gs)
∼ Λ2STr(M2) ∼
(M6DKK)
2m23/2 ∼ τ3V4 , where the cut-off Λ in the 1-loop Coleman-Weinberg potential given by
the 6D Kaluza-Klein scale M6DKK ∼MP
√
τ3
V and m3/2 ∼ MPV . Considering that the leading
order term relevant to τ3 in the poly-instanton potential scales as V−3−p, we can conclude
that the string loop corrections of the scalar potential will not spoil the procedure of the
moduli stabilisation.
5 Conclusions
In this paper, we have presented one consistent procedure to generate the superpotential in
types of Eq.(3.24), including the gaugino condensation and poly-instanton effects, in type
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IIB orientifold compactification. And then we use this kind of superpotential as well as the
α′-corrections to the Ka¨hler potential to stabilise all four Ka¨hler moduli, where the volume
form of the compact Calabi-Yau is in the general form Eq.(4.1). For this purpose we first
searched all the possible Calabi-Yau threefolds which have one W-surface to support the
poly-instanton effects from the 158 examples of reflexive lattice polytopes, which admit a
K3-fibred Calabi-Yau hypersurface in [31]. We find that only 23 of them admit a W-surface,
where the result has been listed in the appendix. Then we analysed all the topological
and geometrical conditions of the non-perturbative superpotential induced by the gaugino
condensation and poly-instanton effect for one explicit Calabi-Yau threefold. Finally we
systematically studied the stabilisation procedure and discussed that this procedure is safe
from the string-loop corrections.
One advantage of K3-fibred Calabi-Yau threefolds in type IIB theory is that the ex-
tra dimensions can be anisotropic. Thus we can try to embed the supersymmtric extra
dimensional models of particle physics into this frame, such as [5]. However, one of the
constraints for this kind of embedding enforces the string scale to be around TeV-scale,
namely the volume of the compactified manifold should be around 1028. In our procedure
of moduli stabilisation, the volume is proportion to the exponential of τi, whose value is
mainly determined by the value of ξˆ. As the Calabi-Yau threefold for compactification has
been uniquely chosen, the only possible change is in the string coupling gs. If we demand
the volume to be around 1028, the string coupling should be around gs ∼ 0.004, which is
unnaturally small. Of course for the embedding of a concrete particle physics model, not
all the Ka¨hler moduli should be fixed by this procedure, because some of moduli or their
linear combinations can be fixed by the D-terms, which are generated from the D7-brane
gauge theory in the visible sectors.
In addition, we can also expect that this procedure can be used in the string cosmology,
especially for various inflationary models, in which the Ka¨hler moduli will serve as inflaton
field in the single field inflation scenarios, or both inflaton and curvaton(or light modulating
field) in the double-field inflation scenarios (for an overview of this point see [35]). To
constrain the K3-fibred Calabi-Yau threefold in the single field inflation scenarios, either
one of the del Pezzo surfaces or the K3-divisor can serve as the inflaton, as in [7, 9]. For
the double-field inflation scenarios, more precisely for the curvaton mechanism, one of the
del-Pezzo surfaces serves as the inflaton and the fibre K3 divisor servers as curvaton [10],
and for the modulation mechanism, the fibre K3 divisor can serve as the inflaton, while
the W-surface can serve as the light modulating field [11]. The explicit example present in
this paper can either be used for the single-field inflation or for the double-field scenario,
since at the leading order, the structure of the scalar potential is similar as the one in these
papers. For the same reason, one can also expect that the explicit example present in this
paper to be used in some quintessence models for dark energy, in which the quintessence
field can be identified as the fibre K3 divisor [12].
Finally we need to point out that the racetrack superpotential used in the procedure of
moduli stabilisation in this paper is just an assumption, instead of a concrete construction
as for the superpotential Eq.(3.24). To get a racetrack superpotential, we need introduce
the gauge flux on the D7-branes to split the original gauge group into two parts with
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different ranks, and then have gaugino condensation on both of them. Note that the
different ranks is not a general requirement for generating racetrack superpotenial, but it’s
necessary to moduli stabilisation, since we need that ai 6= bi. However turning on the gauge
flux will destroy the favourable zero-modes of instantons, so we must carefully choose the
gauge flux to cancel the extra zero-modes. That is much more complicated, and beyond
the simple setups in this paper, so we leave it to the later works.
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A List of all the K3 fibrations with del Pezzo and W-surface
In this appendix we give all the 23 four dimensional reflexive lattice polytopes, which
admit a K3-fibred Calabi-Yau hypersurface with four Ka¨hler moduli in which at least one
del Pezzo surface and one W-surface.
We must stress that the difference between the weight matrices of the polytopes listed
here and those listing in [31], is due to the fact that the reflexive lattice polytopes which
can be defined without having to specify all the weights. But in order to make comparisons
between each other, we will preserve the mark number.
Nos.
∑
A
ωA
i
∑
B
ωB
i
∑
C
ωC
i
∑
D
ωD
i
1 8 2 1 2 1 2 0 0 0 8 2 1 1 0 2 0 0 2 8 2 0 1 1 2 0 2 0 4 1 0 1 0 1 1 0 0
3 12 2 1 6 1 2 0 0 0 12 2 1 6 0 1 0 2 0 12 2 0 6 1 1 0 0 2 6 1 0 3 0 1 1 0 0
6 8 1 2 2 0 2 1 0 0 5 1 1 1 0 1 0 1 0 2 1 0 0 1 0 0 0 0 4 0 1 1 0 1 0 0 1
10 12 4 2 1 2 3 0 0 0 6 2 1 1 0 1 1 0 0 6 2 0 1 0 1 0 2 0 3 1 0 0 0 0 0 1 1
12 12 6 2 0 1 2 1 0 0 8 4 1 0 1 1 0 1 0 6 3 1 0 0 1 0 0 1 4 2 0 1 1 0 0 0 0
17 14 7 2 0 3 1 1 0 0 16 8 0 1 4 2 1 0 0 8 4 0 0 2 1 0 0 1 4 2 0 0 1 0 0 1 0
21 24 8 1 12 0 2 1 0 0 18 6 0 9 1 1 1 0 0 12 4 0 6 0 1 0 1 0 6 2 0 3 0 0 0 0 1
32 6 3 1 1 0 1 0 0 0 10 5 0 1 1 2 0 1 0 8 4 0 0 1 0 1 2 0 4 2 0 0 0 0 0 1 1
33 8 1 0 1 2 2 0 2 0 5 1 0 0 1 1 1 1 0 3 0 1 0 0 1 0 1 0 4 0 0 0 1 1 0 1 1
34 6 2 1 0 1 0 1 1 0 6 2 1 0 0 1 2 0 0 3 1 0 1 1 0 0 0 0 3 1 0 0 0 0 1 0 1
35 6 2 1 1 1 0 1 0 0 6 2 1 2 0 0 0 1 0 6 1 1 0 1 1 2 0 0 3 0 0 0 0 1 1 0 1
41 8 4 1 0 0 0 1 2 0 4 2 0 1 0 1 0 0 0 10 5 0 0 2 1 1 1 0 4 2 0 0 0 0 0 1 1
56 3 1 0 0 0 0 1 1 0 8 0 1 1 2 0 2 2 0 7 0 1 0 1 1 2 2 0 4 0 0 0 1 0 1 1 1
60 8 4 1 0 0 1 1 1 0 10 5 0 1 0 1 1 2 0 8 4 0 0 1 2 1 0 0 4 2 0 0 0 1 0 0 1
62 10 5 1 1 0 1 0 2 0 12 6 2 0 0 1 1 2 0 6 3 1 0 0 0 0 1 1 8 4 0 1 1 1 0 1 0
63 10 5 1 1 0 2 0 1 0 8 4 1 0 0 0 1 2 0 4 2 0 0 1 1 0 0 0 4 2 0 0 0 0 0 1 1
69 8 4 1 2 0 1 0 0 0 6 3 1 1 0 0 1 0 0 8 4 0 1 1 1 0 1 0 4 2 0 1 0 0 0 0 1
71 6 3 1 0 0 0 1 1 0 8 4 0 1 0 1 1 1 0 6 2 0 0 1 1 1 1 0 7 3 0 0 0 1 1 1 1
77 6 3 0 1 1 0 0 1 0 4 2 0 0 0 1 1 0 0 3 1 0 0 0 0 1 0 1 2 0 1 0 0 0 1 0 0
79 12 6 1 0 0 2 1 2 0 4 2 0 1 0 0 0 1 0 6 3 0 0 1 1 1 0 0 6 3 0 0 0 1 0 1 1
95 12 6 1 0 0 2 2 1 0 8 4 0 1 0 1 1 1 0 4 2 0 0 1 0 1 0 0 6 3 0 0 0 1 1 0 1
99 12 6 1 2 0 1 0 2 0 10 5 1 1 0 0 1 2 0 6 3 0 1 0 0 0 1 1 4 2 0 0 1 0 0 1 0
106 8 1 1 4 0 1 0 1 0 4 1 0 2 0 0 1 0 0 8 0 1 4 1 0 0 2 0 4 0 0 2 0 0 0 1 1
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